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Abstract. Thermal hysteresis in a simulated Al2O3 system has been investigated using a Molecular
Dynamics (MD) method. Simulations were done in the basic cube under periodic boundary conditions
containing 3000 ions with Born-Mayer type pair potentials. The system was cooled down from 7000 K to
0 K and heated up from 0 K to 7000 K by the same cooling/heating rate of 1.7178×1014 K/s. The tempera-
ture dependence of the system density upon cooling and heating shows thermal hysteresis. The differences
between structure and dynamics of the models obtained by cooling (MOBC) and heating (MOBH) at
three different temperatures of 2100 K, 3500 K and 5600 K have been detected. Calculations show that the
differences in the dynamics of the systems are more pronounced than those in the structure. Furthermore,
dynamical heterogeneities in MOBC and MOBH at the temperature of 2100 K have been studied through
a non-Gaussian parameter and comparison of partial radial distribution functions (PRDFs) for the 10%
most mobile or immobile particles with their corresponding mean ones. Cluster size distributions of the
10% most mobile or immobile particles in MOBC and MOBH at the temperature of 2100 K have been
obtained. Calculations show that differences in dynamical heterogeneities are pronounced.

PACS. 61.43.Fs Glasses – 78.55.Qr Amorphous materials; glasses and other disordered solids – 61.43.Bn
Structural modeling: serial-addition models, computer simulation

1 Introduction

One of characteristic properties of glasses is thermal hys-
teresis [1]. Jonsson and Andersen investigated icosahe-
dral ordering in Lennard-Jones liquids and glasses upon
cooling by MD simulation [1]. They found that at high
temperatures the inherent structure was independent of
temperature, but slightly above the glass transition tem-
perature Tg the structure changed and local fivefold sym-
metry became more prominent. At Tg this process was
slow and hysteresis was observed on heating [1]. Further-
more, it was found that the enthalpy curve for heating
overshot and lay under the extrapolation of the equilib-
rium liquid curve [1]. When the heating and cooling curves
finally met there was a maximum in the heat capacity, as
is often observed for real glasses (see more details in [1]).
On the other hand, Perchak and O’Reilly [2] presented
the volume minimum of the SiO2 system by cooling and
heating again at the same cooling/heating rate using MD
simulation. The volume-temperature curves showed hys-
teresis, i.e., the cooling and heating curves were different.
This result was quite different from the MD simulation
data in reference [3] using the same interatomic poten-
tial, where the cooling and heating curves were the same.
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This was explained by a longer holding time at each tem-
perature, therefore the system in reference [3] was better
equilibrated. However, the differences between structure
and dynamics of models obtained at the same temperature
by cooling and heating have not been investigated yet.
Moreover, the existence of dynamic heterogeneities near
the glass transition of atomic systems have been estab-
lished [4–6]. Recently, dynamic heterogeneities in a more
realistic atomic system of supercooled Al2O3 have been
found [7] and maybe they are quite different in MOBC and
MOBH. Therefore, our main aim here is the systematic
analysis of the differences between structure and dynam-
ics in such MOBC and MOBH of Al2O3 system through
the study of PRDFs, coordination number distributions
and dynamical heterogeneities.

2 Calculation

We carried out the MD simulations of Al2O3 models con-
taining 3000 ions in a basic cube under periodic boundary
conditions. The Born-Mayer type pair potential used here
is of the form:

uij (r) = zizj
e2

r
+ Bij exp

(
− r

Rij

)
(1)
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where the terms represent Coulomb and repulsion ener-
gies, respectively. Here r denotes the distance between the
centers of ith and jth ions; zi and zj are the charges of ith
and jth ions; Bij and Rij are the parameters accounting
for the repulsion of the ionic shells. Values z1 = +3 and
z2 = −2 are the charges of Al3+ and O2−. We have used
the values B11 = 0, B12 = 1779.86 eV, B22 = 1500 eV
and Rij = 29 pm; details about the potentials and cal-
culation method can be found in references [7–9]. Using
such potentials we have successfully simulated structure
and properties of liquid and amorphous Al2O3 [7–9]. The
initial model at 7000 K has been obtained by heating the
liquid Al2O3 model previously obtained in reference [8].
We then thermalized such model at 7000 K for 200 000 MD
time steps to get an equilibrium initial configuration. We
take this configuration as the starting point of a zero pres-
sure run in which the temperature of the system was de-
creased linearly in time as T (t) = T0 − γt, where γ is the
cooling rate, which is equal to 1.7178 × 1014 K/s, and T0

is the initial temperature (=7000 K). This cooling process
is continued until the system temperature is equal to zero.
The so-obtained final configuration was subsequently re-
laxed at the zero temperature for 50 000 MD steps and
was then heated up at zero pressure from 0 K to 7000 K
with heating rate of 1.7178 × 1014 K/s. We have investi-
gated MOBC and MOBH at three different temperatures
of 2100 K, 3500 K and 5600 K. To calculate the coordina-
tion number distributions, we have used RAl−Al = 3.7 Å,
RAl−O = 2.2 Å and RO−O = 3.3 Å. Here R is a cutoff
radius, which was chosen as the position of the minimum
after the first peak in gij(r).

3 Results and discussion

3.1 Enthalpy and density curves upon cooling
and heating

Figures 1 and 2 present the temperature dependence of en-
thalpy and density of the Al2O3 system upon cooling and
heating. Thermal hysteresis is clearly found only for the
density of the system. At zero temperature, the density
of the system is 2.67 g/cm3 and is less than the small-
est measured value of about 10%. However, the density
of amorphous Al2O3 is not unique [10] and density of the
system in the equilibrium state is not far from this one,
measured in practice. It is essential to notice that the den-
sity of the Al2O3 system strongly increases with decreas-
ing cooling rate [11] and we can reach the experimental
value of density by a much lower cooling rate. It can be
seen from Figure 2 that density of the system strongly
increases upon cooling, while it slightly decreases upon
heating in the temperature region of T ≤ 5000 K. The
deviation between the cooling and heating curves is en-
hanced with increasing temperature. This means that dif-
ferences in structure and dynamics of the configurations
obtained by cooling and heating at the same temperature
can be expected and they are more pronounced with in-
creasing temperature. This problem will be investigated
and presented in the next subsections.

Fig. 1. Temperature dependence of the enthalpy of the Al2O3

system upon cooling and heating.

Fig. 2. Temperature dependence of the density of the Al2O3

system upon cooling and heating.

3.2 Static properties of the Al2O3 models at three
different temperatures obtained by cooling and heating

In order to detect the differences in structure of Al2O3

MOBC and MOBH, we have saved the unrelaxed configu-
rations at three different temperatures of 2100 K, 3500 K
and 5600 K. The structure of unrelaxed models has been
analyzed through PRDFs, coordination number distribu-
tions and interatomic distances.

Calculations show that the PRDFs of MOBC and
MOBH at the temperature of 3500 K differ from each
other by the height and position of peaks and differences
are more pronounced for the Al–Al and O–O pairs (see
Fig. 3). Similar results have been obtained for MOBC
and MOBH at 2100 K and 5600 K (not shown). Table 1
shows that the height of the first peaks in PRDFs and
mean coordination numbers for all atomic pairs of MOBH
are larger than those of MOBC. In contrast, the differ-
ences in mean interatomic distances are not so large. As
presented in [12,13] liquid Al2O3 has the structure of a
tetrahedral network with the average coordination num-
ber ZAl−O ∼ 4. The structural element of the network is a
slightly distorted (AlO4)5− tetrahedron. The same struc-
ture also exists in our models (see Tab. 1). More details
about the differences in structure of models can be found
through coordination number distributions in MOBC and
MOBH at the same temperature of 3500 K (see Fig. 4).
Differences are more pronounced for the Al–Al and O–O
pairs like those observed in MOBC and MOBH at the
temperatures of 2100 K and 5600 K (not shown).

Figure 4 shows that although coordination number dis-
tributions for the Al–O pair of MOBC and MOBH are the
same and they have a peak at Z = 4, indicating a sim-
ilar tetrahedral network structure for both models, the
differences can be found for the Al–Al and O–O pairs.
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Table 1. Structural characteristics of unrelaxed Al2O3 models at three different temperatures obtained by cooling and heating.
rij – Positions of the first peaks in the partial radial distribution functions (PRDFs) gij(r); gij – The heights of the first peaks
in PRDFs; Zij – The average coordination number (1–1 for the Al–Al pair, 1–2 for the Al–O pair, 2–1 for the O-Al pair, 2–2
for the O–O pair).

T (K)
rij (Å) gij Zij

1–1 1–2 2–2 1–1 1–2 2–2 1–1 1–2 2–1 2–2
2100 Cooling 3.24 1.75 2.83 2.71 5.93 2.20 7.51 4.13 2.75 7.80

Heating 3.23 1.76 2.84 2.96 6.94 2.42 7.70 4.18 2.79 8.04
3500 Cooling 3.21 1.72 2.81 2.29 4.86 1.90 6.82 3.84 2.56 7.17

Heating 3.20 1.76 2.81 2.73 5.82 2.21 7.40 3.90 2.60 7.66
5600 Cooling 3.21 1.70 2.80 2.16 4.56 1.81 6.15 3.45 2.30 6.41

Heating 3.20 1.74 2.79 2.37 4.67 1.95 6.78 3.61 2.40 7.00
*Exp. 3.25 1.78 2.84 1.70 5.60 2.40 4.20

* Experimental data at 2473 K in [12,13].

Fig. 3. Radial distribution functions in unrelaxed Al2O3 mod-
els at 3500 K obtained by cooling and heating.

This means that differences in the density of MOBC and
MOBH lead to the different size of elementary structural
units AlOx and connectivity between them. It seems that
such discrepancy will be enhanced in the high temperature
region in accordance with the temperature dependence of
density of the system (see Fig. 2 and Tab. 1). Detailed dis-
cussions of the bond-angle distributions in our Al2O3 sys-
tem can be found elsewhere, for example in reference [7].

Fig. 4. Coordination number distributions in unrelaxed Al2O3

models at 3500 K obtained by cooling and heating.

3.3 Dynamics of the Al2O3 models at 2100 K obtained
by cooling and heating

In an effort to understand the strongly non-exponential
relaxation behavior observed universally for liquids ap-
proaching the glass transition, much discussion over the
past few years has focused on the question of dynami-
cal heterogeneities [14]. Their presence has been uniquely
shown by vastly different experiments [15–17]. Dynami-
cal heterogeneities have also been observed by computer
simulations [18–21] and many details about the relevance
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Fig. 5. Mean-squared atomic displacement distributions in
Al2O3 models at 2100 K obtained by cooling and heating.

of dynamical heterogeneities, their time scale and length
scale are therefore known today. It was shown that the
length scale strongly increases with decreasing tempera-
tures and the degree of cooperativity depends on the time
scale with a maximum at a few times the α-relaxation
time [22,23]. The dynamical heterogeneities in the simu-
lated supercooled Al2O3 at 2100 K have been found and
they strongly depended on the aging [7]. However, the na-
ture of the dynamical heterogeneities have not been firmly
determined and most previous work concentrated on the
dynamical heterogeneities in the models obtained by cool-
ing from the melt, with the exception of Lennard-Jones
systems in reference [24], where Vollmayr-Lee et al. in-
vestigated the dynamical heterogeneities below the glass
transition in a Lennard-Jones glass obtained by heating.
On the other hand, the possibility of differences between
dynamical heterogeneities in MOBC and MOBH has not
been mentioned in reference [24] and such an interesting
problem has not been investigated yet. Therefore, it is now
studied in detail for our Al2O3 system.

First, one can see that the mean-squared atomic dis-
placements of Al and O particles in MOBC and MOBH at
2100 K are quite different (Fig. 5). In the diffusion regime,
the mean-squared atomic displacements of Al and O par-
ticles in MOBC are much larger than those in MOBH.
The same phenomenon has been observed in MOBC and
MOBH at 3500 K and 5600 K (not shown).

Second, dynamical heterogeneities in the system have
been detected through the non-Gaussian parameter α(t)
and the comparison of PRDFs of the 10% most mobile
or immobile particles with the corresponding mean ones.
The non-Gaussian parameter α(t) is of the form as follows

Fig. 6. Non-Gaussian parameter in Al2O3 models at 2100 K
obtained by cooling and heating.

(see more detail in Ref. [7]):

α(t) =
3〈r4(t)〉
5〈r2(t)〉2 − 1 (2)

and is presented in Figure 6 are stronger than those in
MOBH (see Fig. 6 and [25]).

Furthermore, we can also detect dynamical hetero-
geneities of the system by comparing the PRDF of the 10%
most mobile or immobile particles with the correspond-
ing mean ones. The deviation of PRDF for the 10% most
mobile or immobile particles from the mean ones can be
considered as evidence of dynamical heterogeneities [7,27]
and this is also found in our Al2O3 system (see Figs. 7
and 8). The first peak in PRDF for the 10% most mobile
or immobile Al particles is larger than for the mean, indi-
cating the tendency of particles of extremely high or low
mobility to be correlated. The mobile or immobile par-
ticles in MOBC are more strongly correlated than those
in MOBH with the exception for the most immobile Al
particles (see Fig. 8), however, the effect is not too strong.

We can estimate the tendency of the most mobile or
immobile particles to form clusters in the model. To do
this we have used the same rule as was done in refer-
ence [5], that is, two particles belong to the same cluster
if their distance is less than the radius of the nearest neigh-
bor shell. The radii of the nearest-neighbor shells are de-
fined by the first minimum in PRDFs, gij(r), and we have
adopted the fixed values RAl−Al = 3.7 Å, RAl−O = 2.2 Å
and RO−O = 3.3 Å, which were used for calculating
the coordination number distributions. The probability
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Fig. 7. Partial radial distribution functions for the Al–Al and
O–O pairs in models at 2100 K obtained by cooling and heat-
ing; the solid line is for the mean particles in MOBC; the scat-
ters are for the 10% most mobile Al and O particles.

Fig. 8. Partial radial distribution functions for the Al–Al and
O–O pairs in models at 2100 K obtained by cooling and heat-
ing; the solid line is for the mean particles in MOBC; the scat-
ters are for the 10% most immobile Al and O particles.

Fig. 9. Probability distribution of the size n of clusters of 10%
most mobile or immobile particles in Al2O3 models at 2100 K
obtained by cooling and heating.

distribution P (n) of clusters of size n is shown in Figure 9,
and we found a clear evidence of the tendency of most mo-
bile or immobile particles to form clusters: they are not
randomly distributed throughout the system. Here, we can
find the significant differences in the probability distri-
bution P (n) of clusters of size n in MOBC and MOBH.
Moreover, there is one largest cluster of most mobile par-
ticles containing 45 particles in MOBC contrary to 97 par-
ticles in MOBH. Meanwhile, for most immobile particles
it contains 71 and 33 particles in MOBC and MOBH, re-
spectively. It was found that as temperature decreases, the
fraction of large clusters increases [26]. It can be suggested
that the fraction of large clusters decreases with increas-
ing temperature and is left for our consequent work in
this direction concerning dynamical heterogeneities in the
system obtained by heating.

4 Conclusion

We have investigated thermal hysteresis in the Al2O3 sys-
tem obtained by cooling and heating. Our main conclu-
sions are as follows:

(i) Indeed, thermal hysteresis exists in the Al2O3 system
and is clearly found through the temperature depen-
dence of density of the system upon cooling and heat-
ing.

(ii) Significant differences in static properties of Al2O3

models obtained by cooling and heating at three dif-
ferent temperatures of 2100 K, 3500 K and 5600 K
have been found.
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(iii) Significant differences in dynamic properties of Al2O3

models obtained by cooling and heating were also
found. Moreover, the dynamical heterogeneities in
Al2O3 models obtained by cooling and heating at the
temperature of 2100 K are quite different.
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